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We show that if p is a selective ultraﬁlter, then for each cardinal α  ω1, there exists
a topological group G such that Gβ is almost p-compact (in particular, countably compact),
for β < α, but Gα is not countably compact.
If in addition, we assume Martin’s Axiom, then the result above holds for every α < c.
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1. Introduction
All spaces in this note are Tychonoff topological spaces. Throughout this paper, ω∗ will denote the set of all free ultra-
ﬁlters on ω. Given a set A and a cardinal κ , [A]<κ will denote the set of all subsets of A of size < κ and [A]κ will denote
the set of all subsets of A of size κ . The cardinality of the set of the real numbers will be denote by c. Given a cardinal κ ,
we will denote by Lim(κ) the set of limit ordinals below κ .
We will ﬁrst describe the goal of this note. Some terms used below will be deﬁned later.
In 1980, van Douwen [10] showed that countable compactness is not a productive property in the class of topological
groups under Martin’s Axiom. The ﬁrst example of a countably compact group whose square is not countably compact was
obtained in 1991, by Hart and van Mill [15] under Martin’s Axiom for countable posets. This last construction motivated
Comfort [5] to ask Question 477 in the Open Problems in Topology: for which cardinals κ there exists a topological group G
such that Gα is countably compact, for each α < κ , but Gκ is not countably compact?
Tomita showed under Martin’s Axiom for countable posets that 3 is such a cardinal in [22] and that are inﬁnitely many
such ﬁnite cardinals in [20]. More recently, he showed under the same axiom that all ﬁnite cardinals are such cardinals
in [23]. A complete solution (and the ﬁrst examples for inﬁnite cardinals) for Comfort’s Question was given in [25]. Tomita
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c = 2c, then there exist 2c selective ultraﬁlters and κ is an inﬁnite cardinal  2c then there exists a
topological group G such that Gα is countably compact, for α < κ and Gκ is not countably compact.
In [14], Garcia Ferreira, Tomita and Watson showed that if p is a selective ultraﬁlter, then there exist two almost p-
compact (in particular countably compact) groups whose product is not countably compact. Tomita [24] showed that if p
is a selective ultraﬁlter, then there exists an almost p-compact (in particular countably compact) group whose square is
not countably compact. Tomita [25] showed that if there exist c selective ultraﬁlters and N is a positive integer, then there
exists a topological group G such that GN is countably compact, but GN+1 is not countably compact.
In this note we obtain some examples related to Comfort’s Question that are almost p-compact for cardinals greater
than 2. For products smaller than ω1, we improve the results from [25], by obtaining examples using a single selective
ultraﬁlter. One of our results will show that, under Martin’s Axiom, Gα almost p-compact, for each α < c, does not imply
the p-compactness of G .
2. Selective ultraﬁlters and p-limits
We will brieﬂy recall selective ultraﬁlters and p-limits that will be necessary in our constructions.
Lemma 2.1. ([6]) The following are equivalent for p ∈ ω∗:
1) p is selective, that is, if {Pn: n ∈ ω} is a partition of ω, then either there is m ∈ ω such that Pm ∈ p or there is B ∈ p such that
|B ∩ Pn| = 1 for each n ∈ ω, and
2) for each partition [ω]2 = P0 ∪ P1 there exist i < 2 and A ∈ p such that [A]2 ⊆ Pi (A is said to be a homogeneous set for this
partition).
Every selective ultraﬁlter p is a P -point, that is, if {An: n ∈ ω} ⊆ p, then there exists A ∈ p such that A \ An is ﬁnite for
each n ∈ ω.
The existence of selective ultraﬁlters is independent of the usual axioms of set theory. There are 2c many selective
ultraﬁlters under CH or MA. Kunen showed that there are no selective ultraﬁlters in a model obtained by adding ℵ2 random
reals over a CH model.
Deﬁnition 2.2. Deﬁne p as the least cardinal λ such that there exists a family {Aξ : ξ < λ} of subsets of ω such that
i)
⋂
ξ∈F Aξ is inﬁnite for every ﬁnite subset F ⊆ λ and
ii) for every A ⊆ ω, if A \ Aξ is ﬁnite, for each ξ < λ, then A is ﬁnite.
Assume κ < p. By the deﬁnition above, for every family {Aξ : ξ < κ} of subsets of ω such that ⋂ξ∈F Aξ is inﬁnite for
every ﬁnite subset F ⊆ κ , there exists an inﬁnite A ⊆ ω, such that A \ Aξ is ﬁnite, for each ξ < κ .
The cardinal p is uncountable, that is, ω1  p. Under Martin’s Axiom, p= c (see [11]).
The following concept is very useful in the construction of countably compact spaces in products:
Deﬁnition 2.3. ([1]) Given a free ultraﬁlter p ∈ ω∗ and a topological space X , we say that a point x ∈ X is the p-limit of
{xn: n ∈ ω} ⊆ X if for every neighborhood U of x the set {n ∈ ω: xn ∈ U } is an element of p.
For a Tychonoff space X , x is the p-limit of a sequence {xn: n ∈ ω} if and only if β f (p) = x, where β f : βω −→ βX is
the Cˇech–Stone extension of the function f : ω −→ X deﬁned by f (n) = xn for each n ∈ ω.
If x is an accumulation point of a sequence, then there is an ultraﬁlter p for which x is the p-limit of this sequence. This
motivated the following class of spaces:
Deﬁnition 2.4. ([1]) Given a free ultraﬁlter p ∈ ω∗ and a topological space X , we say that X is p-compact if every sequence
in X has a p-limit.
It is known that every p-compact space is countably compact and p-compactness is a productive property for a ﬁxed
ultraﬁlter p. It follows from the facts above that every power of a p-compact space is countably compact.
Almost p-compactness is another class of spaces that uses a single ultraﬁlter p.
Deﬁnition 2.5. ([13]) Given a free ultraﬁlter p ∈ ω∗ and a topological space X , we say that X is almost p-compact if every
sequence in X has a permutation that has a p-limit.
Garcia Ferreira [13] showed that almost p-compactness is not a productive property in the class of topological spaces.
Note that if Xc is almost p-compact, then X must be p-compact. In fact, let {φξ : ξ < c} be the set of all permutations in
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permutation ψ of ω such that {{xφξ ◦ψ(n): ξ < c}: n ∈ ω} has a p-limit in Xc. The projection in one of the coordinates must
be the sequence {xn: n ∈ ω}, therefore, {xn: n ∈ ω} has a p-limit in X .
Ultrapowers of a selective ultraﬁlter p have been used to construct groups having p-limits (see [26,14]).
Given p ∈ ω∗ , for each f , g ∈ ([c]<ω)ω , deﬁne f and g to be p-equivalent if {n ∈ ω: f (n) = g(n)} ∈ p. Given f ∈ ([c]<ω)ω ,
[ f ]p (or just [ f ]) denotes the class of p-equivalent elements to f , that is, [ f ]p = {g ∈ ([c]<ω)ω: {n ∈ ω: f (n) = g(n)} ∈ p}.
Denote by ([c]<ω)ω/p = {[ f ]p: f ∈ ([c]<ω)ω} the vector space over 2 under the operation [ f ]p
[g]p := [ f
g]p , where
( f
g)(n) = ( f (n) \ g(n))∪ (g(n) \ f (n))
for each n ∈ ω. If f is the constant function {μ}, we will denote [ f ]p by [ 
μ]p .
The following lemma is the key to obtain group topologies with p-limits, for a selective ultraﬁlter p (see Lemma 2.2 and
Example 2.4 in [14] or Example 3.2 in [26]):
Lemma 2.6. Let p be a selective ultraﬁlter and S a subset of c. Let {gξ : ξ ∈ S} ⊆ ([c]<ω)ω be such that⋃n∈ω gξ (n) ⊆ ξ for each ξ ∈ S
and {[
α]: α < c} ∪ {[gξ ]: ξ ∈ S} is linearly independent in ([c]<ω)ω/p.
Then, there is an algebraic embedding Φ : [c]<ω −→ 2c such that Φ({ξ}) is the p-limit of {Φ(gξ (n)): n ∈ ω}, for each ξ ∈ S.
3. Permutations of ω and p-limits
Suppose we are given two small families of sequences, each of them independent module the ultraﬁlter p. We want
to make a permutation of the second family so that when we take the union with the ﬁrst family gives a set that is
independent module the ultraﬁlter p.
Lemma 3.1. Let p be a selective ultraﬁlter on ω and X be a countable set and h0 and h1 be functions from ω into X. Then
1) there exists A ∈ p such that {hi(n): n ∈ A} is either constant or pairwise distinct for each i < 2, and
2) if neither h0 nor h1 are p-equivalent to a constant sequence, then there exists B ∈ p such that either h0(k) = h1(k) for every k ∈ B
or {h0(k): k ∈ B} ∪ {h1(l): l ∈ B} are pairwise distinct.
Proof. We will prove 1). Deﬁne Nix = {k ∈ ω: hi(k) = x} for each x ∈ X and i < 2. Then {Nix: x ∈ X} is a partition of ω for
each i < 2. By the selectivity of p and Lemma 2.1 2), it follows that for each i < 2, either there exists xi ∈ X such that
Nixi ∈ p or there exists Ci ∈ p such that |Nix ∩ Ci |  1 for each x ∈ X . In the ﬁrst case, {hi(k): k ∈ Nixi } = {xi} is constant.
In the second case, {hi(k): k ∈ Ci} are pairwise distinct.
For each i < 2, let Ai be the set Nixi if the ﬁrst case holds and be Ci if the second case holds. The set A = A0 ∩ A1
satisﬁes 1).
We will now show that 2) holds. Since p is an ultraﬁlter, either {k ∈ ω: h0(k) = h1(k)} ∈ p or {k ∈ ω: h0(k) = h1(k)} ∈ p.
In the ﬁrst case, we are done.
In the second case, there exists D ∈ p such that h0(k) = h1(k) for every k ∈ D . By 1), there exists A ∈ p such that A ⊆ D
and {hi(n): n ∈ A} is either constant or pairwise distinct for each i < 2. By hypothesis, each hi is not p-equivalent to a
constant sequence and A ⊆ D . Then
(∗) A ∈ p, {hi(n): n ∈ A} are pairwise distinct for each i < 2 and h0(k) = h1(k) for each k ∈ A.
Given E ∈ p, with E ⊆ A, let E ′ = {k ∈ E: exists n ∈ E such that h0(k) = h1(n)}. We have two cases to consider:
Case 1. There exists E ∈ p with E ⊆ A such that E ′ /∈ p. Put B = E \ E ′ ∈ p.
We will ﬁrst show that {h0(k): k ∈ B}∪ {h1(l): l ∈ B} are pairwise distinct. By hypothesis, B ⊆ A. Then, by (∗), {hi(k): k ∈
B} are pairwise distinct for i < 2 and h0(k) = h1(k) for each k ∈ B . Now, let k and l be two different elements of B . It
suﬃces to show that h0(k) = h1(l). From B ⊆ E , it follows that k, l ∈ E . By contradiction, if h0(k) = h1(l) then k ∈ E ′ . But
k ∈ B ∩ E ′ = ∅. This proves 2) in this case.
Case 2. Not Case 1. In particular, A′ ∈ p, where A ∈ p is as in (∗). For each k ∈ A′ , let nk ∈ A be the unique n such that
h0(k) = h1(n) (by (∗), h1 is 1–1 on A). We note that
(∗∗) if k, l ∈ A′ are different then nk = nl .
Indeed, if nk = nl then h0(k) = h1(nk) = h1(nl) = h0(l). By (∗), h0 is 1–1 on A. Thus, k = l.
We will deﬁne a partition {P0, P1} as follows: {k, l} ∈ P1 if k, l ∈ A′ , k < l and nk < nl . Otherwise {k, l} ∈ P0. By the
selectivity of p and Lemma 2.1 3), there exists a homogeneous set E for P0, P1. Without loss of generality, E ⊆ A′ . Since
case 1) does not hold, we have E ′ ∈ p.
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Now, E ′ ∈ p and [E ′]2 ⊆ P0. For each k, l ∈ E ′ with k < l, the pair {k, l} belongs to P0. By the deﬁnition of the partition
{P0, P1}, we have nk  nl . By (∗∗), nk = nl , thus nk > nl . Notice that {nk: k ∈ E ′} is an inﬁnite decreasing sequence in ω,
a contradiction.
Claim. E ′ can be split into two disjoint subsets F0 and F1 such that for each i < 2, if k ∈ Fi , then nk /∈ Fi . For each k ∈ E ′ , deﬁne
φ(k) = nk and denote the composition (when it makes sense) φt+1(k) = φ(φt(k)). For each k, let Mk be the least integer M for which
φM(k) is not deﬁned if such M exists and let it be ω otherwise. The splitting is made by induction.
Let k0 be the least element of E ′ . Deﬁne F 0i = {φ2t+i(k): 2t + i < Mk0 } for each i < 2. Clearly F 00 ∩ F 01 = ∅.
If E ′ \ (F 00 ∪ F 01) is not empty, let k1 be the least integer in E ′ \ F 00 ∪ F 01 . Deﬁne F 1i = F 0i ∪ {φ2t+i(k): 2t + i < Mk1 } for
each i < 2. Clearly F 10 ∩ F 11 = ∅. If E ′ \ (F 00 ∪ F 01) = ∅ deﬁne F 1i = F 0i for each i < 2. This completes the inductive step 1.
In this way, we can construct by induction F si , for s ∈ ω. Put Fi =
⋃
s∈ω F si for each i < 2. This completes the proof of the
Claim.
Finally, we prove 2) in this case. There exists j ∈ 2 such that F j ∈ p since E ′ ∈ p and E ′ = F0 ∪ F1. Now, if k, l ∈ F j are
such that h0(k) = h1(l) then l = nk /∈ F j , contradicting the Claim. This proves 2). 
Lemma 3.2. Assume that there exists a selective ultraﬁlter p. Let κ  p be a cardinal and 
α be the constant function of value {α} and
domain ω. Consider an element ( fξ )ξ∈T of (([c]<ω)ω)T , where T ∈ [κ]<κ and suppose thatH is a subset of ([c]<ω)ω of size less than
c such that {[
α]: α < c} ∪ {[h]: h ∈H} is linearly independent.
Then there exist S ⊆ T and a permutation φ : ω −→ ω such that
1) {[
α]: α < c} ∪ {[ fξ ◦ φ]: ξ ∈ S} generates [ fμ ◦ φ], for each μ ∈ T and
2) {[
α]: α < c} ∪ {[h]: h ∈H} ∪ {[ fξ ◦ φ]: ξ ∈ S} is linearly independent.
Proof. The set {[
α]: α < c} is a linearly independent subset of the vector space V generated by {[
α]: α < c} ∪ {[ fξ ]: ξ ∈ T }.
Thus, there exists a subset S of T such that F = {[
α]: α < c} ∪ {[ fξ ]: ξ ∈ S} is a basis for V .
We claim that for each unordered pair {R1, R2} of non-empty ﬁnite subsets of S , there exists AR1,R2 ∈ p such that
() if R1 = R2 then {∑η∈R1 fη(k): k ∈ AR1,R2} are pairwise distinct
and
() if R1 = R2 then {∑η∈R1 fη(k): k ∈ AR1,R2 } ∪ {∑ζ∈R2 fζ (l): l ∈ AR1,R2 } are pairwise distinct.
First, to see (), notice that since R1 is a non-empty subset of S , it follows from the linear independence of F that the
sequence {∑η∈R1 fη(k): k ∈ ω} is not p-equivalent to a constant function. By Lemma 3.1 1), there exists B1 ∈ p such that{∑η∈R1 f i(k): k ∈ B1} are pairwise distinct. Set AR1,R2 := B1. This proves ().
Now, we will prove (). Since R j is a non-empty subset of S for each j < 2, the same argument as in the proof of ()
shows that the function
∑
η∈R j fη is not p-equivalent to a constant function. By R0 = R1 and the linear independence
of F , it follows that ∑η∈R1 fη and ∑ζ∈R2 fζ are not p-equivalent. Applying Lemma 3.1 2), there exists B2 ∈ p such that{∑η∈R1 fη(k): k ∈ B2} ∪ {∑ζ∈R2 fζ (l): l ∈ B2} are pairwise distinct. Set AR1,R2 := B2. This ends the proof of ().
By the fact that F generates the vector space V , there exist Dμ ∈ p, Sμ ⊆ S ﬁnite and Qμ ⊆ c ﬁnite for each μ ∈ T ,
such that
(  ) fμ(k) =∑ζ∈Sμ fζ (k) + Qμ for each k ∈ Dμ .
Since |T | < κ , there exists E co-inﬁnite such that E \ AR1,R2 is ﬁnite for non-empty ﬁnite subsets R1 and R2 of S , and
E \ Dμ is ﬁnite for each μ ∈ T .
Let E be an almost disjoint family of size c on E . Let D be a co-inﬁnite subset of ω such that D ∈ p. For each X ∈ E , let
φX be a permutation from ω into ω such that φX [D] = X .
Claim 1. For each X, Y ∈ E the set {[ fξ ◦ φX ]: ξ ∈ S} ∪ {[ fρ ◦ φY ]: ρ ∈ S} is linearly independent.
In fact, if that was not the case, there exist non-empty ﬁnite subsets R1 and R2 of S such that
∑
η∈R1 [ fη ◦ φX ] =∑
ζ∈R2 [ fζ ◦ φY ].
Let A′ ∈ p be such that
(∗) ∑η∈R fη ◦ φX (m) =∑ζ∈R fζ ◦ φY (m) for every m ∈ A′ .1 2
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Also since φX and φY are 1–1, φX (D)∪φY (D) ⊆ E and |E \ AR1,R2 | < ω. Then D ′ = D \ (φ−1X (E \ AR1,R2 )∪φ−1Y (E \ AR1,R2 ))
is an element of p. Therefore,
(∗∗) A′′ = D ′ ∩ (A′ \ (φ−1X (Z)) ∪ φ−1Y (Z)) ∈ p.
Fix m ∈ A′′ and deﬁne k := φX (m) ∈ X \ Z and l := φY (m) ∈ Y \ Z . By (∗∗), k = l and k, l ∈ AR1,R2 .
If R1 = R2, it follows by (∗) that ∑η∈R1 fη(k) =∑η∈R1 fη ◦φX (m) =∑ζ∈R1 fζ ◦φY (m) =∑ζ∈R1 fζ (l). This contradicts ().
If R1 = R2, it follows by (∗) that ∑η∈R1 fη(k) = ∑η∈R1 fη ◦ φX (m) = ∑ζ∈R2 fζ ◦ φY (m) = ∑ζ∈R2 fζ (l). This contra-
dicts (). Thus, Claim 1 holds.
Claim 2. There exists X ∈ E such that {[
α]: α < c} ∪ {[h]: h ∈H} ∪ {[ fξ ◦ φX ]: ξ ∈ S} is linearly independent.
Let O =⋃{h(k): h ∈H and k ∈ ω} ∪⋃{ fμ(k): μ ∈ T and k ∈ ω}. Clearly O has cardinality smaller than c.
If Claim 2 does not hold, for each X ∈ E there exists a non-empty subset S X of S such that ∑η∈S X [ fη ◦φX ] is an element
of the group generated by {[
α]: α ∈ O } ∪ {[h]: h ∈ H}. This latter group has size strictly smaller than |E | = c. Therefore,
there exist two different elements X, Y ∈ E such that ∑η∈S X [ fη ◦ φX ] =∑ζ∈SY [ fζ ◦ φY ] which contradicts Claim 1. This
proves Claim 2.
Claim 3. For each X ∈ E , the set {[
α]: α < c} ∪ {[ fξ ◦ φX ]: ξ ∈ S} generates [ fμ ◦ φX ] for each μ ∈ T .
Let μ ∈ T . By the choice of E , E \ Dμ is ﬁnite. Since D ∈ p and φX [D] ⊆ E , φX is 1–1 and the set A = D \ φ−1X [E \ Dμ]
is an element of p and φX [A] ⊆ Dμ . By (  ), it follows that fμ ◦ φX (k) =∑η∈Sμ fη ◦ φX (k) + Qμ for each k ∈ A. Thus,
[ fμ ◦ φX ] =∑η∈Sμ [ fη ◦ φX ] +∑α∈Qμ [
α]. This proves Claim 3.
Fix X satisfying Claim 2 and deﬁne φ := φX . Clearly condition 2) holds by the choice of φX and condition 1) follows
from Claim 3. 
The following has been implicitly proved in Lemma 2.3 in [26]:
Lemma 3.3. Let p be a selective ultraﬁlter and A and E be subsets of c. Let {g} ∪ {gξ : ξ ∈ R} ⊆ ([c]<ω)ω and Φ : [c]<ω −→ 2c be
such that
1)
⋃{g(n): n ∈ ω} ∪⋃{gξ (n): n ∈ ω and ξ ∈ R} ⊆ A;
2) A= {[
α]: α ∈ A} ∪ {[gξ ]: ξ ∈ R} is linearly independent in ([c]<ω)ω/p;
3) [g] is generated byA and
4) p-lim{Φ(gξ (n)): n ∈ ω} ∈ Φ[[E]<ω], for each ξ ∈ S.
Then the p-limit of {Φ(gξ (n)): n ∈ ω} is an element of Φ[[A ∪ E]<ω], for each ξ ∈ R.
4. Small powers of almost p-compact groups
We modify the auxiliary lemmas and Example 5.6 in [25] to construct under a selective ultraﬁlter, for each α ∈
[1,min{p, c}[, a group G such that Gβ is almost p compact, for β < α and Gα is not countably compact. We unify the
cases for ﬁnite and small inﬁnite powers which were proved separately in [25] (Examples 4.3 and 5.6).
A rough sketch of the proof is as follows. We use the permutations to obtain many accumulation points whose indexes
are going up. We will then add inductively accumulation points for small products, but after doing that we have to make
sure there will be no accumulation point for a sequence which will be the witness of non-countable compactness of the
large product. Thus, every time one of the coordinate sequences of the witness has a q-limit in the subgroup being con-
structed, we will have to make sure some other coordinate sequence will not have a q-limit in the future. This is achieved
by not allowing some points to be a part of the subgroup under construction. To handle this, it is necessary that we do
not add too many points at each stage. To make the small products countably compact, we have to make sure all small
sequences in the subgroup have accumulation points added and we use the fact that there are many accumulation points
with indexes going up so that we can avoid the points we will not allow in the subgroup.
Lemma 4.1. Let p be a selective ultraﬁlter and κ  p be a cardinal such that κ < c<κ = c. Let G|κ be the set⋃β<κ(([c]<ω)ω)β . There
exist a family of functions { fξ : ξ ∈ c}, a set of limit ordinals L, a family of functions {tξ : ξ ∈ L}, a family of permutations {φξ : ξ ∈ L}
and a family of subsets {Sξ : ξ ∈ L} such that
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2) {tξ : ξ ∈ L} is an enumeration of G|κ such that each t ∈ G|κ appear c times in the enumeration;
3) (L \ {ξ}) ∩ [ξ, ξ + dom tξ ) = ∅ for each ξ ∈ L;
4)
⋃{ fξ+μ(k): μ < dom tξ and k ∈ ω} ⊆ ξ for each ξ ∈ L;
5) fξ+μ = tξ (μ) for each ξ ∈ L and for each μ ∈ dom tξ ;
6) L ∩ κ = ∅;
7) φξ : ω −→ ω is a permutation for each ξ ∈ L;
8) Sξ is a subset of dom tξ and {[
α]: α < c} ∪ {[ fξ+μ ◦ φξ ]: μ ∈ Sξ } generates [tξ (μ) ◦ φξ ] = [ fξ+μ ◦ φξ ] for each ξ ∈ L and each
μ ∈ dom tξ and
9) the family {[
α]: α < c} ∪⋃ξ∈L{[ fξ+μ ◦ φξ ]: μ ∈ Sξ } is linearly independent for each ξ ∈ L.
Proof. By hypothesis, G|κ has cardinality c.
Let ζ be the ordinal ω.κ . Then ζ.c = c with the ordinal multiplication. Split c \ ζ into {It : t ∈ G|κ } such that each It has
cardinality c. The coﬁnality of c is greater or equal to ζ . Therefore, for each t ∈ G|κ , the set {t(μ)(k): μ ∈ dom t and k ∈ ω}
is bounded by some ordinal βt < c.
Deﬁne Lt = {ζ.α: α ∈ It \ (βt + 2)} and L =⋃t∈G|κ Lt . For each ξ ∈ L, deﬁne tξ := t , where t is the unique element of
G|κ such that ξ ∈ Lt . The deﬁnition of tξ implies that 2) holds.
Put M = ⋃η∈L[η,η + dom tη). We will deﬁne fξ for each ξ < c. If ξ ∈ M then ξ = ζ.α + μ for some t ∈ G|κ , α ∈
It \ (βt + 2) and μ < dom t , which permits us deﬁne fξ = t(μ). Otherwise deﬁne fξ to be the function whose domain is ω
and fξ (n) = ∅ for each n ∈ ω.
Conditions 1) and 5) are clearly satisﬁed.
Note that, for each ξ,γ ∈ L, if ξ < γ then ξ + ζ  γ . Thus, [ξ, ξ + ζ ) ∩ [γ ,γ + ζ ) = ∅. Therefore, 3) is satisﬁed.
Now, for each ξ ∈ L we have ξ ∈ Ltξ . Therefore, there exists α ∈ Itξ \ (βtξ + 2) such that ξ = ζ.α  α > βtξ + 1. By the
deﬁnition of {βt : t ∈ G|κ }, the set {tξ (μ)(k): μ ∈ dom tξ and k ∈ ω} is bounded by βtξ . Hence condition 4) holds.
Since the elements of It are greater than ζ , each element of Lt is also greater than ζ for each t ∈ G|κ which implies that
L ∩ κ = ∅. Thus, 6) is satisﬁed.
Finally, the construction of φξ and Sξ satisfying 7)–9) for ξ ∈ L is done by induction on the family {[
α]: α < c}∪{[ fλ+μ ◦
φλ]: λ ∈ L ∩ ξ and μ ∈ Sλ} applying Lemma 3.2. 
Lemma 4.2 will be used for the γ -th power of almost p-compact groups with γ < c.
Lemma 4.2. Let p be a selective ultraﬁlter and κ  p be a cardinal such that κ < c<κ = c. Deﬁne ζ = max{κ,ω}.
Fix { fξ : ξ < c}, L, {tξ : ξ ∈ L}, {φξ : ξ ∈ L} and {Sξ : ξ ∈ L} satisfying 1)–9) in Lemma 4.1.
Then there exists an embedding Ψ : [c]<ω −→ 2c such that
1) Ψ ({ξ + μ}) = p-lim{Ψ ( fξ+μ ◦ φξ (k)): k ∈ ω}, for each ξ ∈ L and each μ ∈ Sξ ;
2) for each h ∈ 2ζ , there exists β < c such that πβ ◦ Ψ ({ξ}) = h(ξ), for each ξ < ζ ;
3) if {Fn: n ∈ ω} ⊆ [ζ ]<ω \ {∅} are pairwise disjoint and q0 and q1 are different ultraﬁlters such that z j = q j-lim{Ψ (Fn): n ∈ ω} ∈
Ψ [[c]<ω], for each j < 2, then z0 = z1;
4) if q0 and q1 are ultraﬁlters onω, {F jn: n ∈ ω} ⊆ [ζ ]<ω \ {∅} are pairwise disjoint for each j < 2, F 1n \
⋃
k∈ω F 0k = ∅ for each n ∈ ω
and z j = q j-lim{Ψ (F jn): n ∈ ω} ∈ Ψ [[c]<ω], for each j < 2, then z0 = z1 .
Proof. Applying Lemma 2.6, there exists a homomorphic embedding Φ : [c]<ω −→ 2c satisfying:
1′) Φ
({ξ + μ})= p-lim{Φ( fξ+μ ◦ φξ (k)): k ∈ ω},
for each ξ ∈ L and each μ ∈ Sξ .
Deﬁne a function ψh : c−→ 2, for each h ∈ 2ζ , as follows:
Case 1. λ < ζ . Deﬁne ψh(λ) = h(λ).
Case 2. λ /∈ ζ ∪⋃ξ∈L Sξ . Deﬁne ψh(λ) = 0.
The last case is by induction:
Case 3. λ = ξ + μ for some ξ ∈ L and μ ∈ Sξ with λ the least ordinal for which ψh(λ) has not been deﬁned.
By induction hypothesis and Lemma 4.1 4), ψh is deﬁned for each β < ξ . Thus, {∑γ∈ fξ+μ◦φξ (k) ψh(γ ): k ∈ ω} is already
deﬁned. To ﬁnish Case 3, it suﬃces to put ψh(ξ + μ) = p-lim{∑γ∈ f ◦φ (k) ψh(γ ): k ∈ ω}.ξ+μ ξ
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tion
1′′) Θ
({ξ + μ})= p -lim{Θ( fξ+μ ◦ φξ (k)): k ∈ ω},
for each ξ ∈ L and each μ ∈ Sξ .
By Case 1, Θ satisﬁes condition
2′) πh ◦ Θ
({ξ})= h(ξ),
for each ξ ∈ ζ and h ∈ 2ζ .
Let Ψ (F ) = (Φ(F ),Θ(F )) for each F ∈ [c]<ω . Since Φ is an embedding, then Ψ is also an embedding. Without loss of
generality we can assume that Ψ is an embedding into 2c.
We will prove that Ψ satisﬁes conditions 1)–4). Condition 1) follows from 1′) and 1′′) and condition 2) follows from 2′)
and the deﬁnition of Ψ . So, we only need to prove conditions 3) and 4).
To see condition 3), let {Fn: n ∈ ω} ⊆ [ζ ]<ω \ {∅} be pairwise disjoint and q0 and q1 be different ultraﬁlters. Suppose
that z j = q j-lim{Ψ (Fn): n ∈ ω} are elements of Ψ [[c]<ω], for each j < 2. We will show that z0 = z1.
Let A0 and A1 two disjoint subsets of ω such that Ai ∈ qi for each i < 2. By the conditions above, there exists h : ζ −→ 2
be such that
∑
η∈Fn h(η) = j, for each j < 2 and each n ∈ A0 ∪ A1.
By 2), there exists β < c such that πβ ◦ Ψ ({η}) = h(η), for each η < ζ . Thus, πβ ◦ Ψ (Fn) = j, for each j < 2 and n ∈ A j .
Then πβ(z j) = j. Thus, z0 = z1.
Finally, we shall prove condition 4). Let q0 and q1 be ultraﬁlters on ω and {F jn: n ∈ ω} ⊆ [ζ ]<ω \ {∅} be pairwise disjoint,
for each j < 2 and F 1n \
⋃
k∈ω F 0k = ∅, for each n ∈ ω.
Assume that z j = q j-lim{Ψ (F jn): n ∈ ω} are elements of Ψ [[c]<ω], for each j < 2. We will show that z0 = z1.
By the conditions above, {F 1n \
⋃
k∈ω F 0k : n ∈ ω} are pairwise disjoint and non-empty.
Now, there exists a function g ∈ 2ζ such that
i) g(μ) = 0 for each μ ∈⋃k∈ω F 0k , and
ii)
∑
μ∈F 1n \
⋃
k∈ω F 0k
g(μ) = 1, for each n ∈ ω.
By 2) there exists δ < c such that πδ ◦ Ψ ({η}) = g(η), for each η < ζ .
By i), πδ ◦Ψ (F 0n ) = 0 for each n ∈ ω. By i) and ii), πδ ◦Ψ (F 1n ) = πδ ◦Ψ (F 1n \
⋃
k∈ω F 0k ) = 1. Thus, πδ(z j) = j for j < 2 and
z0 = z1. 
Lemma 4.3 below will be used to check condition 7) in Lemma 4.4.
Lemma 4.3. Let q0,q1 be two different ultraﬁlters and Ψ : [c]<ω −→ 2c be a homomorphic embedding as in Lemma 4.1. Let
S :α × ω −→ |α × ω be any bijection. Let F j be a non-empty ﬁnite subset of α, for each j < 2. Then q0-lim{Ψ ({S(σ ,k): σ ∈ F0}):
k ∈ ω} = q1-lim{Ψ ({S(σ ,k): σ ∈ F1}): k ∈ ω}.
Proof. Put a j = q j-lim{Ψ ({S(σ ,k): σ ∈ F j}): k ∈ ω}, for each j < 2.
If F0 = F1 then {{S(σ ,k): σ ∈ F0}: k ∈ ω} are pairwise disjoint. Thus, applying Lemma 4.2 3), we conclude that a0 = a1.
If F0 = F1 we can assume without loss of generality that F1 \ F0 = ∅. Then {{S(σ ,k): σ ∈ F j}: k ∈ ω} are pairwise
disjoint for each j < 2 and {S(σ ,n): σ ∈ F1} \⋃{{S(σ ,k): σ ∈ F0}: k ∈ ω} = ∅, for each n ∈ ω. Applying Lemma 4.2 4), we
conclude that a0 = a1. 
The idea in Lemma 4.4 below is to extract a set of generators for a subgroup of Ψ [[c]<ω] that will generate the example
we are looking for.
Lemma 4.4. Let p be a selective ultraﬁlter, α < max{p+, c} a cardinal greater than 0 such that c<α = c and G|α be the set⋃
σ<α(([c]<ω)ω)σ . Let Ψ : [c]<ω −→ 2c be a homomorphic embedding, L ⊆ Lim(c) and {tξ : ξ ∈ L} be an enumeration of G|α as
in Lemma 4.1. Deﬁne ϑ = max{ω,α} and S : α × ω −→ ϑ be a bijection.
IfP is the set of all q ∈ ω∗ such that q-lim{Ψ ({S(σ ,k)}): k ∈ ω} ∈ 〈{Ψ ({η}): η < c}〉, for each σ ∈ α, then there exist {Kξ : ξ < c},
{Pξ : ξ < c}, {Tξ : ξ < c}, {λξ : ξ < c} and {γξ : ξ < c} such that, for each ξ < c:
1) Kξ ∈ [c]<α ;
2) γξ is the least ordinal γ < c such that γ /∈ {γη: η < ξ}, γ ∈ L and⋃{tγ (ζ )(k): ζ ∈ supptγ and k ∈ ω} ⊆ ϑ ∪⋃μ<ξ Kμ;
3) λξ ∈ L, where tλξ = tγξ (that is, fλξ +ζ = tγξ (ζ ) = fγξ+ζ , for each ζ ∈ Sλξ );
4) p-lim{Ψ ( fλξ+ζ ◦ φλξ (k)): k ∈ ω} ∈ Ψ [[ϑ ∪
⋃
νξ Kν ]<ω], for each ζ ∈ Sλξ ;
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of the form {Ψ ({S(σ ,k): σ ∈ F }): k ∈ ω}, for some non-empty F ∈ [α]<ω;
6) |Pξ | |ξ | + ϑ ;
7) Tξ is a subset of c and |Tξ | |ξ | + ϑ ;
8) for every q ∈ Pξ , there exists σ < α such that the q-limit of the sequence {Ψ ({S(σ ,k)}): k ∈ ω} does not belong to 〈{Ψ {η}: η ∈
c \ Tξ }〉;
9) (ϑ ∪⋃μξ Kμ) ∩ Tξ = ∅;
10) Pγ ⊆ Pξ for each γ < ξ and if ξ is a limit ordinal then Pξ =⋃γ<ξ Pγ and
11) Tγ ⊆ Tξ for each γ < ξ and if ξ is a limit ordinal then Tξ =⋃γ<ξ Tγ .
Proof. The construction will be made by induction on β < c.
First step of induction: β = 0.
We will prove that conditions 5), 10) and 6) are satisﬁed. First, we claim that P0 = ∅ satisﬁes condition 5). Indeed,
a sequence {yn: n ∈ ω} as in 5) is of the form {Ψ ({S(σ ,k): σ ∈ F }): k ∈ ω}, for some non-empty F ∈ [α]<ω . We will
show that this sequence does not have an accumulation point in Ψ [[ϑ]<ω]. Fix E ∈ [ϑ]<ω and θ ∈ F . By Lemma 4.2 2),
there exists μ ∈ c such that {k ∈ ω: πμ ◦ Ψ ({k}) = 1} = {S(θ,k): k ∈ ω} \ E . Then πμ ◦ Ψ (E) = 0 and the sequence {πμ ◦
Ψ ({S(σ ,k): σ ∈ F }): k ∈ ω} = {πμ ◦ Ψ ({S(θ,k)}): k ∈ ω} converges to 1. Thus, Ψ (E) is not an accumulation point of
{Ψ ({S(σ ,k): σ ∈ F }): k ∈ ω} and P0 is empty. Condition 10) is trivially satisﬁed at this stage, since there is no ordinal
below 0 and condition 6) is also satisﬁed, since |P0| = 0ω.
We will check that 8), 7) and 11) are satisﬁed. Let T0 = ∅. Since P0 = ∅, 8) is trivially satisﬁed by the elements of P0.
Condition 7) is satisﬁed since |T0| = 0ω.
Condition 11) is trivially satisﬁed at this stage, since there is no ordinal below 0.
To see that conditions 2), 3), 1) and 9) are satisﬁed, let γ0 be the least ordinal γ < c such that
⋃{tγ (θ)(k): θ ∈ Sγ
and k ∈ ω} ⊆ ϑ . It is clear that γ0 satisﬁes condition 2).
Fix λ0 = γ0. By the choice of λ0, condition 3) is satisﬁed.
Now, let Sλ0 be as in Lemma 4.1 and deﬁne K0 = {λ0 +μ: μ ∈ Sλ0 }. By Lemma 4.2 1), p-lim{Ψ ( fλ0+ζ ◦φλξ (k)): k ∈ ω} =
Ψ ({λ0 + ζ }) ∈ Ψ [[ϑ ∪ K0]<ω], for each ζ ∈ Sλ0 and it follows that condition 4) holds. Clearly, condition 1) is satisﬁed. Since
T0 is empty, the intersection in 9) is empty and this condition is satisﬁed.
The general step: β ∈ [1, c).
Suppose by induction that {Kμ: μ < β}, {Pμ: μ < β}, {Tμ: μ < β}, {λμ: μ < β} and {γμ: μ < β} are deﬁned and
satisfy conditions 1)–11).
First, we show that condition 5) holds. Let Pβ ⊆ ω∗ be the set of all ultraﬁlters q ∈ P such that q-lim{yk: k ∈ ω} ∈
Ψ [[ϑ ∪⋃μ<β Kμ]<ω], where {yk: k ∈ ω} is a sequence of the form {Ψ ({S(σ ,k): σ ∈ F }): k ∈ ω}, for some non-empty
F ∈ [α]<ω . Then Pβ satisﬁes 5).
We will prove that 6) is satisﬁed. For each q ∈ Pβ , let aq ∈ Ψ [[ϑ ∪ ⋃μ<ξ Kμ]<ω] and Fq ⊆ [α]<ω such that aq =
q-lim{Ψ ({S(θ,k): θ ∈ Fq}): k ∈ ω}. By Lemma 4.3, {aq: q ∈ Pβ} are pairwise distinct.
Therefore, |Pβ | |ϑ ∪⋃μ<β Kμ|. By 1) for μ < β and the last inequality, it follows that |Pβ | |β| + ϑ which proves 6).
We will now check condition 10). Fix ξ < β and let q ∈ Pξ . By 5) for ξ , there exists a sequence {yn: n ∈ ω} as in 5) such
that q-lim{yn: n ∈ ω} ∈ Ψ [[ϑ ∪⋃μ<ξ Kμ]<ω]. The same sequence {yn: n ∈ ω} witnesses that q ∈ Pβ , since q-lim{yn: n ∈
ω} ∈ Ψ [[ϑ ∪⋃μ<β Kμ]<ω]. Thus, the ﬁrst part of 10) is satisﬁed.
We will check the second part of 10), that is, if β is limit then Pβ =⋃μ<β Pμ .
Let q ∈ Pβ and {yn: n ∈ ω} be a sequence as in condition 5). There exists E ⊆ ϑ ∪⋃η<β Kη ﬁnite such that Ψ (E) is the
q-limit of {yn: n ∈ ω}. Then, there exists μ < β such that E ⊆ ϑ ∪⋃η<μ Kη . Therefore, q ∈ Pμ and Pβ ⊆⋃μ<β Pμ .
On the other hand, it follows that Pμ ⊆ Pβ for each μ < β by the ﬁrst part of 10). Hence Pβ ⊇ ⋃μ<β Pμ and the
equality holds.
We will show that 11), 7) and 8) are satisﬁed if β is limit. Deﬁne Tβ =⋃μ<β Tμ . Then condition 11) is satisﬁed. By the
inductive hypothesis 8) for ordinals below β , |Tβ |∑μ<β |Tμ|∑μ<β |μ| + ϑ . Therefore, condition 7) holds for β .
Let q ∈ Pβ . We have checked already condition 10) for β limit, thus there exists μ < β such that q ∈ Pμ+1 \ Pμ . By
hypothesis, condition 8) is satisﬁed for μ + 1 < β , thus there exists σ ∈ α such that q-lim{Ψ ({S(σ ,k)}): k ∈ ω} /∈ 〈{Ψ ({η}):
η ∈ c \ Tμ+1}〉. Now, [c \ Tβ ]<ω ⊆ [c \ Tμ+1]<ω by condition 11), which implies that q-lim{Ψ ({S(σ ,k)}): k ∈ ω} /∈ 〈{Ψ ({η}):
η ∈ c \ Tβ }〉. This proves 8).
To see that conditions 11) and 7) are satisﬁed for β successor, assume that β =  +1. We will deﬁne Tβ . Fix q ∈ Pβ \ P .
Claim. There exist ζq ∈ c \ (ϑ ∪⋃μ<β Kμ) and σq ∈ α such that q-lim{Ψ ({S(σq,k)}): k ∈ ω} /∈ Ψ [[c \ {ζq}]<ω].
Since q ∈P and q /∈ P , there exists Eσ ∈ [c]<ω \ (ϑ ∪⋃ξ< Kξ ) such that
q-lim
{
Ψ
({
S(σ ,k)
})
: k ∈ ω}+ Ψ (Eσ ) ∈ Ψ
[[
ϑ ∪
⋃
ξ<
Kξ
]<ω]
,
for each σ ∈ α.
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θ∈A Eθ for each non-empty A ∈ [α]<ω . Using the fact that the sum of q-limits is the q-limit of the
sum, we have
q-lim
{
Ψ
({
S(θ,k): θ ∈ A}): k ∈ ω}+ Ψ (E A) ∈ Ψ
[[
ϑ ∪
⋃
ξ<β
Kξ
]<ω]
,
for each non-empty A ∈ [α]<ω .
If A, B ⊆ α are different non-empty subsets then E A = EB . Indeed, if E A = EB then
q-lim
{
Ψ
({
S(θ,k): θ ∈ A
B}): k ∈ ω}
= (q-lim{Ψ ({S(θ,k): σ ∈ A}): k ∈ ω}+ Ψ (E A))+ (q-lim{Ψ ({S(θ,k): θ ∈ B}): k ∈ ω}+ Ψ (EB))
∈ Ψ
[[
ϑ ∪
⋃
ξ<β
Kξ
]<ω]
.
By condition 5) for  , it follows that q ∈ P , which is a contradiction.
For each cardinal κ < α, |[α]<ω \ {∅}| > |[κ]<ω|, thus, by the last paragraph, there exists Aq ∈ [α]<ω non-empty such
E Aq  K . Fix σq ∈ Aq such that Eσq is not a subset of K and ζq ∈ Eσq \ K . Furthermore, by a), we have ζq ∈ Eσq ⊆
c \ (ϑ ∪⋃ξ< Kξ ). Therefore, ζq ∈ c \ (ϑ ∪⋃ξ<β Kξ ).
To ﬁnish the proof of the Claim, it suﬃces to check that the q-limit of {Ψ ({S(σq,k)}): k ∈ ω} is an element of Ψ [[c \
{ζq}]<ω]. By a) and the deﬁnition of Eσq , there exists F ⊆ ϑ ∪
⋃
ξ<β Kξ such that q-lim{Ψ ({S(σq,k)}): k ∈ ω} = Ψ (Eσq ∪ F ) /∈
Ψ [[c \ {ζq}]<ω] and we are done.
Now, deﬁne Tβ = T ∪ {ζq: q ∈ Pβ \ Pμ}. Clearly T ⊆ Tβ , thus 11) holds for β . By the deﬁnition of Tβ , condition 7) for
 and condition 6) for β , |Tβ | = |T ∪ {ζq: q ∈ Pβ \ P}| ||.ϑ.|Pβ \ P | |β|.ϑ . Then condition 7) holds for β .
We prove now that condition 8) is satisﬁed for β successor. If q ∈ Pβ then either q ∈ P or q ∈ Pβ \ P . In the ﬁrst case,
it follows by 8) for  that there exists θ ∈ α such that the q-limit of the sequence {Ψ ({S(θ,k)}): k ∈ ω} does not belong to
Ψ [[c \ T ]<ω]. Since Tβ ⊇ T , it follows that 8) for β is satisﬁed for q. In the second case, ζq ∈ Tβ by the deﬁnition of Tβ
and by the Claim, {Ψ ({S(σq,k)}): k ∈ ω} /∈ Ψ [[c \ {ζq}]<ω]. Thus, {Ψ ({S(σq,k)}): k ∈ ω} /∈ Ψ [[c \ Tβ ]<ω] and 8) for β holds
for q. Hence Pβ satisﬁes condition 8).
To check that conditions 2), 3), 1) and 4) are satisﬁed, let γβ be the least ordinal γ ∈ L \ {γμ: μ < β} such that⋃{tγ (η)(n): η ∈ dom tγ and n ∈ ω} ⊆ ϑ ∪⋃ν<β Kν . Then condition 2) is satisﬁed. Now, the set Lt := {λ ∈ L : tλ = tγβ } has
cardinality c, the elements of the family {[λ,λ + ω): λ ∈ Lt} are pairwise disjoint and |ϑ ∪⋃μ<β Kμ ∪ Tβ | < c. Therefore,
there exists λβ ∈ Lt such that [λβ,λβ + ω) ∩ (ϑ ∪⋃μ<β Kμ ∪ Tβ) = ∅. Let Sλβ as in Lemma 4.1 and deﬁne Kβ = {λβ + μ:
μ ∈ Sλβ }. It follows by the deﬁnition of λβ and Kβ that conditions 3) and 1) are satisﬁed. By Lemma 4.2 1), it follows that
p-lim{Ψ ( fλξ+ζ ◦ φλξ (k)): k ∈ ω} = Ψ ({λξ + ζ }) ∈ Ψ [[ϑ ∪
⋃
νξ Kν ]<ω], for each ζ ∈ Sλξ , thus, condition 4) is satisﬁed.
Finally we will prove condition 9). Note that by the choice of λβ and the deﬁnition of Kβ , it follows that Kβ ∩ Tβ = ∅.
If β is limit, by condition 9) for μ < β and condition 11) for β , we have (ϑ ∪⋃μ<β Kμ) ∩ Tβ = (ϑ ∪⋃μ<β Kμ) ∩
(
⋃
μ<β Tμ) =
⋃
η<β(ϑ ∪
⋃
μ<η Kμ) ∩ (
⋃
μ<η Tμ) = ∅.
This and Kβ ∩ Tβ = ∅, imply that (ϑ ∪⋃μβ Kμ)∩ Tβ = ((ϑ ∪⋃μ<β Kμ)∩ Tβ)∪ (Kβ ∩ Tβ) = ∅. Therefore, 9) is satisﬁed
when β is limit.
Otherwise, there exists an ordinal  such that β =  + 1. By 9) for  , we have (ϑ ∪⋃μ<β Kμ) ∩ T = (ϑ ∪⋃μ Kμ) ∩
T = ∅. By the Claim and the deﬁnition of Tβ for β successor, we have (ϑ ∪⋃μ<β Kμ)∩(Tβ \ T) = ∅. Moreover Kβ ∩ Tβ = ∅,
hence (ϑ ∪⋃μβ Kμ) ∩ Tβ = ∅. This ends the proof of 9).
So, the induction can be carried on up to c and we are done. 
Example 4.5. Let p be a selective ultraﬁlter and α < max{p+, c} be a cardinal such that c<α = c. Then there exists a topo-
logical group G such that Gβ is almost p-compact, for each β < α, but Gα is not countably compact.
Proof. Following the conclusion of Lemma 4.4, let H be the group generated by Ψ [[ϑ ∪⋃ξ<c Kξ ]<ω] satisfying conditions
1)–11) of Lemma 4.4.
Claim 1. Hθ is almost p-compact, for each θ < α.
Let {aσk : σ < θ and k ∈ ω} ⊆ H . Let t ∈ G|α be such that Ψ (t(σ )(k)) = aσk , for each σ < θ and k ∈ ω. Fix λ ∈ c such that
t = tλ . Then there exists ζ < c such that ⋃{tγ (n): n ∈ ω} ⊆ ϑ ∪ (⋃μ<ζ Kμ).
We claim that λ = γμ for some μ < c. If λ ∈ {γμ: μ < ζ } then we are done. Suppose that this was not the case, then by
condition 2), we have γμ < λ for each μ ζ . This contradicts the fact that {γμ: ζ μ < c} are pairwise distinct. Let ρ < c
be such that t = tγρ . Then by condition 3), tγρ = tλρ .
By condition 4), p-lim{Ψ ( fλρ+σ (φλρ (k))): k ∈ ω} ∈ Ψ [[ϑ ∪
⋃
ξρ Kξ ]<ω] for each σ ∈ Sλρ .
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p-lim{Ψ ( fλρ+σ (φλρ (k))): k ∈ ω} ∈ Ψ [[ϑ ∪
⋃
ξρ Kξ ]<ω] ⊆ H for each σ < θ .
Thus, Hθ is almost p-compact.
Claim 2. Hα is not countably compact.
We will show that {{Ψ ({S(σ ,k)}): σ ∈ α}: k ∈ ω} does not have an accumulation point in Hα . Indeed, if the sequence
above has an accumulation point, then there exists q ∈ ω∗ such that q-lim{Ψ ({S(σ ,k)}): k ∈ ω} ∈ H , for each σ < α. Then,
q ∈P , where P is as in Lemma 4.4.
By the deﬁnition of H , there exists ξ < c such that q-lim{Ψ ({S(0,k)}): k ∈ ω} ∈ Ψ [[ϑ ∪⋃μ<ξ Kμ]<ω]. Thus, q ∈ Pξ+1. By
condition 5), there is σ ∈ α such that q-lim{Ψ ({S(σ ,k)}): k ∈ ω} /∈ Ψ [[c \ Tξ+1]<ω] ⊇ H , which is a contradiction. Therefore,
Hα is not countably compact. 
Since ω1  p, the next example is an immediate consequence:
Example 4.6. Let p be a selective ultraﬁlter. Then:
(1) for each positive integer N , there exists a topological group G such that GN is almost p-compact but GN+1 is not
countably compact;
(2) there exists a topological group G such that GN is almost p-compact for each N ∈ ω, but Gω is not countably compact
and
(3) if ω1 < c, there exists a topological group G such that Gω is almost p-compact, but Gω1 is not countably compact.
5. An almost p-compact group from p= c
We consider now the case α = p = c. The example for α = c is a mixture of two construction in [25] (the auxiliary
lemmas to prove Examples 5.4 and 5.6). We follow the idea in Example 5.4 of adding sequences that are discrete in the
subgroup so far considered, but in Example 5.4, the induction is up to 2c, making it possible to eliminate one ultraﬁlter at
each stage. Because the induction is shorter here, we have to keep track of the ultraﬁlters that we must eliminate by not
allowing some points to be part of the subgroup as was done in the previous section. As before, every sequence in the small
product will have many accumulation points whose indexes are going up so that we can avoid the points we do not allow
in the subgroup.
Lemma 5.1. Assume p= c and c<c = c. Let p be a selective ultraﬁlter. Let G be the set⋃β<c(([c]<ω)ω)β . There exist { fξ : ξ < c}, two
sets of limit ordinals J and L, {tξ : ξ ∈ L}, {φξ : ξ ∈ L} and {Sξ : ξ ∈ L} such that
1) fξ is a function in ([c]<ω)ω , for each ξ < c;
2) {tξ : ξ ∈ L} is an enumeration of G in which each t ∈ G appears c many times;
3) L \ {ξ} ∩ [ξ, ξ + dom tξ ) = ∅, for each ξ ∈ L;
4)
⋃{ fξ+μ(k): μ < dom tξ and k ∈ ω ⊆ ξ}, for each ξ ∈ L;
5) fξ+μ = tξ (μ), for each ξ ∈ L and μ ∈ dom tξ ;
6) J has cardinality c and (
⋃
μ∈ J [μ,μ + ω)) ∩ (
⋃
ξ∈L
⋃[ξ, ξ + dom tξ )) is empty;
7) φξ : ω −→ ω is a permutation, for each ξ ∈ L;
8) Sξ is a subset of dom tξ and {[
α]: α < c} ∪ {[ fξ+μ ◦ φξ ]: μ ∈ Sξ } generates [t(μ) ◦ φξ ] = [ fξ+μ ◦ φξ ], for each ξ ∈ L and
μ ∈ dom tξ and
9) the family {[
α]: α < c} ∪⋃ξ∈L{[ fξ+μ ◦ φξ ]: μ ∈ Sξ } is linearly independent.
Proof. By hypothesis, we can enumerate G as {sα: α < c} so that each element appears c many times.
Construct { fξ : ξ < c} and an increasing sequence of limit ordinals δα by induction such that at stage α:
a) { fδα+μ: μ < dom sα} is deﬁned so that fδα+μ = sα(μ) for each μ ∈ dom tα ;
b) δλ + dom sλ + ω + ω < δα for each λ < α;
c)
⋃{sα(μ)(k): μ < dom sα and k ∈ ω} ⊆ δα .
At stage 0, let δ0 be any limit ordinal such that
⋃{s0(μ)(k): μ < dom s0 and k ∈ ω} ⊆ δ0. Deﬁne fδ0+μ = s0(μ) for each
μ ∈ dom s0. Clearly conditions a)–c) are satisﬁed.
Suppose that δλ has been deﬁned for each λ < α. We will deﬁne δα satisfying a)–c). By hypothesis, c is a regular cardinal.
Therefore, we can ﬁx a limit ordinal δα < c such that δα > sup({δλ + dom sλ: λ < α} ∪⋃μ<dom sα,k∈ω sα(μ)(k))+ω+ω. The
ordinal δα satisﬁes conditions b) and c).
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If fξ has not been deﬁned in any of the stages above, deﬁne fξ to be the function of domain ω such that fξ (n) = ∅ for
each n ∈ ω. The family { fξ : ξ < c} satisﬁes condition 1).
Now deﬁne L = {δ < c: exists α < c such that δ = δα} and tδ = sα for each δ ∈ L, where α < c is such that δ = δα . Put
J as the set of all limit ordinals μ < c such that [μ,μ + ω) ∩ (⋃ξ∈L[ξ, ξ + dom tξ )) is empty. Now, condition 2) follows
from b) and the deﬁnition of L, condition 3) follows from a) and c), condition 4) follows from a) and condition 5) follows
from b).
Finally, the construction of φξ and Sξ satisfying 7)–9) for ξ ∈ L is done by induction on the family {[
α]: α < c}∪{[ fλ+μ ◦
φλ]: λ ∈ L ∩ ξ and μ ∈ Sλ} applying Lemma 3.2. 
Lemma 5.2. Assume p= c and c<c = c. Let p be a selective ultraﬁlter.
If { fξ : ξ < c}, J , L, {tξ : ξ ∈ L}, {φξ : ξ ∈ L} and {Sξ : ξ ∈ L} are as in Lemma 5.1, then there exists an embedding Ψ : [c]<ω −→ 2c
such that
1) Ψ ({ξ + μ}) = p-lim{Ψ ( fξ+μ ◦ φξ (k)): k ∈ ω}, for each ξ ∈ L and each μ ∈ Sξ ;
2) for each α ∈ J and h ∈ 2ω , there exists β < c such that πβ ◦ Ψ ({α + k}) = h(k), for each k ∈ ω and πβ ◦ Ψ ({μ}) = 0, for each
μ < α;
3) {Ψ ({α + k}): k ∈ ω} does not have an accumulation point in the group 〈{Ψ ({η}): η ∈ α + ω}〉, for each α ∈ J and
4) if q0 and q1 are different selective ultraﬁlters and α0,α1 ∈ J then q0-lim{Ψ ({α0 + n}): n ∈ ω} = q1-lim{Ψ ({α1 + n}): n ∈ ω}.
Proof. Deﬁne ψα,h : c−→ 2 for each α ∈ J and h ∈ 2ω as follows:
Case 1. λ < α + ω. Deﬁne ψα,h(λ) = 0 if λ < α and ψα,h(λ) = h(n) if λ = α + n with n ∈ ω.
Case 2. λ ∈ [α + ω, c) such that λ /∈⋃{ξ + μ: ξ ∈ L and μ ∈ Sξ }. Deﬁne ψα,h(λ) = 0.
The last case is by induction:
Case 3. λ ∈⋃{ξ + μ: ξ ∈ L and μ ∈ Sξ } with λ the least ordinal for which ψα,h(λ) has not been deﬁned.
By induction hypothesis and Lemma 5.1 4), ψα,h is deﬁned for each β < ξ . Therefore, {∑γ∈ fξ+μ◦φξ (k) ψα,h(γ ): k ∈ ω} is
already deﬁned. To ﬁnish Case 3, it suﬃces to put ψα,h(ξ +μ) to be the p-limit of this sequence. We will now check some
properties on the function ψα,h we have just constructed.
Claim. ψα,h({ξ + μ}) = p-lim{∑η∈ fξ+μ◦φξ (k) ψα,h(η): k ∈ ω} for each ξ ∈ L, μ ∈ Sξ α ∈ J and h ∈ 2ω .
In fact, if ξ < α then ξ + μ < α for each μ ∈ Sξ . Now, by Case 1, ψα,h({ξ + μ}) = 0, and ∑η∈ fξ+μ◦φξ (k) ψα,h(η) = 0 for
each k ∈ ω, which proves the Claim. Otherwise, if ξ  α then the Claim follows from Case 3.
Let Θ be the homomorphism deﬁned by Θ(F ) = {∑ξ∈F ψα,h(ξ): α ∈ J and h ∈ 2ω} for each F ∈ [c]<ω . Let Φ be deﬁned
as in Lemma 4.2.
Then condition 1′) in the proof of Lemma 4.2 holds for Φ . Using the Claim above, Θ satisﬁes condition 1′′) in the proof
of Lemma 4.2.
By Case 1, we have
2′) πα,h ◦ Θ
({α + k})= h(k) and πα,h ◦ Θ({μ})= 0
for each α ∈ J , k ∈ ω, h ∈ 2ω and μ < α.
Let Ψ (F ) = (Φ(F ),Θ(F )) for each F ∈ [c]<ω . We can assume that Ψ is an embedding from [c]<ω into 2c. We will
prove that Ψ satisﬁes conditions 1)–4). Condition 1) is proved as in Lemma 4.2 and condition 2) follows from 2′) and the
deﬁnition of Ψ . So, we need only to prove conditions 3) and 4).
To show condition 3), we need to prove that {Ψ ({α + k}): k ∈ ω} does not have an accumulation point in the group
G = Ψ [[α + ω]<ω] for each α ∈ J . Consider an arbitrary point g in G . Then, there exist N ∈ ω and a ﬁnite subset F of
α + N such that Ψ (F ) = g . By 2), there exists γ such that πγ ◦ Ψ ({ξ}) = 0 for each ξ < α + N and πγ ◦ Ψ ({α + n}) = 1 if
n N . Clearly {πγ ◦Ψ ({α +n}): n ∈ ω} converges to 1 and πγ (g) = πγ ◦Ψ (F ) = 0. Thus, g is not an accumulation point of
{Ψ ({α + k}): k ∈ ω}. This proves 3).
Finally, to prove condition 4), let α0,α1 ∈ J . We will consider two cases. First, if α0 = α1 let A j ∈ q j for each j < 2 such
that A0 ∩ A1 = ∅. Fix a function h : ω −→ 2 such that h(k) = j for each j < 2 and k ∈ A j . By 2), there exists β < c such that
πβ ◦ Ψ ({α0 + n}) = h(n) for each n ∈ ω. Then q j-lim{πβ ◦ Ψ ({α j + n}): n ∈ ω} = j. In the second case, if α0 = α1, we can
assume without loss of generality that α0 < α1. Using 2) there exists γ < c such that πγ ◦ Ψ ({μ}) = 0 for each μ < α1 and
πγ ◦ Ψ ({α1 + k}) = 1 for each k ∈ ω. Then q j-lim{πβ ◦ Ψ ({α j + n}): n ∈ ω} = j for each j < 2.
In both cases q0-lim{Ψ ({α0 + n}): n ∈ ω} = q1-lim{Ψ ({α1 + n}): n ∈ ω} which proves condition 4). 
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homomorphic embedding, L be a set of ordinals and {tξ : ξ ∈ L} be an enumeration of G as in Lemma 5.1.
If P is the set of all q ∈ ω∗ such that q-lim{Ψ ({α + k}): k ∈ ω} ∈ Ψ [[c]<ω] for each α ∈ J . Let G =⋃α<c([c]<c)α , then there
exist { Jξ : ξ < c}, {Kξ : ξ < c}, {Pξ : ξ < c}, {Tξ : ξ < c}, {λξ : ξ < c} and {γξ : ξ < c} such that for each ξ < c:
1) Kξ ∈ [c]<c;
2) Jξ ∈ [c]<c;
3) γξ is the least ordinal γ < c such that γ /∈ {γη: η < ξ}, γ ∈ L, ⋃{tγ (μ)(k): μ ∈ dom tγ and k ∈ ω} ⊆ ω ∪ (⋃μ<ξ Kμ) ∪
(
⋃{η + k: η ∈⋃μ<ξ Jμ} and k ∈ ω);
4) λξ ∈ L and tλξ = tγξ for each ξ < c (that is, fλξ+μ = tγξ (μ) for each μ < dom tγξ );
5) p-lim{Ψ (tλξ+μ ◦ φλξ (k)): k ∈ ω} ∈ Ψ [[ω ∪ (
⋃
νξ Kν) ∪ (
⋃{η + k: η ∈⋃νξ Jν and k ∈ ω})]<ω] for each μ ∈ dom t;
6) Pξ ⊆ ω∗ is the set of all ultraﬁlters q ∈P such that q-lim{yk: k ∈ ω} ∈ Ψ [[ω ∪ (⋃μ<ξ Kμ)∪⋃μ<ξ Jμ]<ω], where {yk: k ∈ ω}
is a sequence of the form {Ψ ({μ + k}): k ∈ ω} for some μ ∈⋃η<ξ Jη;
7) |Pξ | < c;
8) Tξ ∈ [c]<c;
9) for every q ∈ Pξ , there exists μ ∈ Jξ such that the q-limit of the sequence {Ψ ({μ+ k}): k ∈ ω} does not belong to Ψ [[c \ Tξ ]<ω];
10) (ω ∪⋃μξ Kμ ∪ Jξ ) ∩ Tξ = ∅;
11) Pγ ⊆ Pξ for each γ < ξ and if ξ is limit then Pξ =⋃γ<ξ Pγ and
12) Tγ ⊆ Tξ for each γ < ξ and if ξ is limit then Tξ =⋃γ<ξ Tγ .
Proof. The construction is made by induction on β < c.
First step of induction: β = 0.
First, we show that conditions 6)–9), 11) and 12) hold. At this stage,
⋃
μ<0 Jμ = ∅, then P0 = ∅ satisﬁes 6). Since|P0| = 0< c, condition 7) is also satisﬁed.
Deﬁne T0 = ∅. Then |T0| = 0< c and condition 8) is satisﬁed.
Since P0 = ∅, it follows that condition 9) is satisﬁed trivially by every element of P0.
Conditions 11) and 12) are trivially satisﬁed at this stage, since there is no ordinal below 0.
We will prove conditions 3), 4), 1), 2) and 10). Let γ0 be the least ordinal γ < c such that γ /∈ {γη: η < ξ}, γ ∈ L and⋃{tγ (μ)(k): μ < dom tγ and k ∈ ω} ⊆ ω. Then γ0 satisﬁes condition 3) and λ0 = γ0 satisﬁes 4).
Let Sλ0 be as in Lemma 5.1 8) and deﬁne K0 = {λ0 + k: k ∈ Sλ0 } and J0 = ∅. Then conditions 1) and 2) hold.
Since T0 is empty, the intersection (ω ∪⋃μ0 Kμ ∪ J0) ∩ T0 is empty and 10) is satisﬁed. By Lemma 5.2 1), it follows
that condition 5) is satisﬁed.
The general step: β ∈ [1, c).
Suppose by induction that { Jμ: μ < β}, {Kμ: μ < β}, {Pμ: μ < β}, {Tμ: μ < β}, {λμ: μ < β} and {γμ: μ < β} are
deﬁned and satisfy conditions 1)–12).
To see conditions 6), 11) and 7), let Pβ ⊆ ω∗ be the set of all ultraﬁlters q ∈ P such that q-lim{Ψ ({μ + k}): k ∈ ω} ∈
Ψ [[ω ∪ (⋃μ<β Kμ) ∪⋃μ<β Jμ]<ω], for some μ ∈⋃η<β Jη . Then condition 6) holds.
Since μ < β implies that
⋃
η<μ Jη ⊆
⋃
η<β Jη , we have Pμ ⊆ Pξ . Thus, 11) holds.
If q ∈ Pβ , then there exists μ ∈ ⋃η<β Jη such that aq = q-lim{Ψ ({μ + k}): k ∈ ω} ∈ Ψ [[ω ∪⋃μ<ξ Kμ]<ω]. By Lem-
ma 5.2 4), ar = aq for different r,q ∈ Pβ . Then |Pβ | |Ψ [[ω ∪⋃μ<ξ Kμ]<ω]| |ξ |.ω. Thus, 7) is satisﬁed.
To prove conditions 9), 2), 12) and 8), ﬁx α ∈ J such that α > sup(ω ∪⋃μ<β Kβ ∪⋃μ<β( Jμ + ω) ∪⋃μ<β Tμ).
By Lemma 5.2 3), the sequence {Ψ ({α + k}): k ∈ ω} does not have an accumulation point in the group Ψ [[α + ω]<ω].
Thus, for each q ∈ Pβ , there exists ζq  α + ω such that q-lim{Ψ ({α + n}): n ∈ ω} /∈ Ψ [[c \ {ζq}]<ω].
Deﬁne Tβ = (⋃μ<β Tμ) ∪ {ζq: q ∈ Pβ} and Jβ =⋃μ<β Jμ ∪ {α}. Then, conditions 9) and 2) are satisﬁed.
Clearly Tβ ⊇ Tμ for every μ < β . Thus, 11) is satisﬁed.
By 7) for β and 8) for ordinals below β , |Tβ | |⋃μ<β Tμ| + |Pβ | < c. Thus 8) is satisﬁed.
We now check conditions 3), 4), 1) and 5). Let γμ be the least ordinal γ ∈ L such that γ /∈ {γη: η < ξ} and⋃{tγ (η)(k): η < dom t and k ∈ ω} ⊆ ω ∪⋃μ<β Kμ ∪ ({η + k: η ∈ Jβ and k ∈ ω}). This proves 3).
Fix λβ ∈ L such that λβ > sup Tβ and tλβ = tγβ . Clearly condition 4) is satisﬁed.
Let Kβ := {λβ + μ: μ ∈ Sλβ }. Then condition 1) is satisﬁed. By Lemma 5.2 1), it follows that condition 5) is satisﬁed.
Finally, we show that 10) is satisﬁed. We claim that (ω∪⋃μβ Kμ ∪{η+k: η ∈ Jβ and k ∈ ω})∩ Tβ = ((ω∪⋃μ<β Kμ ∪
{η + k: η ∈⋃μ<β Jμ and k ∈ ω}) ∩ Tβ) ∪ (({η + k: η ∈ Jβ \⋃μ<β Jμ and k ∈ ω}) ∩ Tβ) ∪ (Kβ ∩ Tβ) = ∅.
It suﬃces to check that the three sets in the middle equation are empty sets. To see that ((ω ∪⋃μ<β Kμ ∪ {η + k: η ∈⋃
μ<β Jμ and k ∈ ω}) ∩ Tβ) = ∅, note that (ω ∪
⋃
μ<β Kμ ∪
⋃
μ<β Jμ) ∩
⋃
μ<β Tμ = ∅ by induction and that Tβ \
⋃
μ<β Tμ
misses (ω ∪⋃μ<β Kμ ∪ {η + k: η ∈⋃μ<β Jμ and k ∈ ω}) by the deﬁnition of Tβ .
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Tβ \⋃μ<β Tμ ∩ α + ω = ∅.
Finally Kβ ∩ Tβ = ∅, since λβ > sup Tβ and Kβ ⊆ [λβ,λβ + dom t).
This ends the proof of condition 10).
So, the construction can be carried up to c. 
Example 5.4. Assume p = c and c<c = c. Let p be a selective ultraﬁlter. There exists a topological group G such that Gα is
almost p-compact, for every α < c but Gc is not countably compact.
Proof. Let G be the group Ψ [[ω ∪⋃ξ<c( Jμ ∪ Kμ)]<ω].
Claim 1. Hθ is almost p-compact, for each θ < c.
Let {aσk : σ < θ and k ∈ ω} ⊆ H . Let t ∈ G be such that Ψ (t(σ )(k)) = aσk for each σ < θ and k ∈ ω. Fix λ ∈ L such that
t = tλ . Then there exists ζ < c such that ⋃{tγ (n): n ∈ ω} ⊆ ω ∪ (⋃μ<ζ Kμ) ∪⋃{[η,η + ω[: η ∈⋃μζ Jμ}.
We will show that λ = γμ for some μ < c. If λ ∈ {γμ: μ < ζ } then we are done. If this is not the case, we claim
that λ = γμ , for some μ > ζ . Suppose that this was not the case, then by condition 3), we have γμ < λ, for each μ  ζ .
This contradicts the fact that {γμ: ζ  μ < c} are pairwise distinct. Let ρ < c be such that t = tγρ . Then by condition 4),
tγρ = tλρ .
We have that aσk = Ψ ( fλβ+σ (k)) for each σ < θ and k ∈ ω. By condition 5), p-lim{Ψ ( fλρ+σ (φλρ (k))): k ∈ ω} ∈ Ψ [[ω ∪⋃
ξρ Kξ ]<ω], for each σ ∈ Sλρ . By Lemma 3.3, it follows that p-lim{aσφλρ (k): k ∈ ω} = p-lim{Ψ ( fλρ+σ (φλρ (k))): k ∈ ω} ∈
Ψ [[ω ∪⋃ξρ Kξ ]<ω] ⊆ H , for each σ < θ . Thus, Hθ is almost p-compact.
Claim 2. Hc is not countably compact.
We will show that {{Ψ ({σ + k}): σ ∈ J }: k ∈ ω} does not have an accumulation point in Hc. Indeed, if the sequence
above has an accumulation point, then there exists q ∈ ω∗ such that q-lim{Ψ ({σ + k}): k ∈ ω} ∈ H for each σ ∈ J . Then,
q ∈P , where P is as in Lemma 5.3.
By the deﬁnition of H , there exist θ ∈ J and ξ < c such that q-lim{Ψ ({θ + k}): k ∈ ω} ∈ Ψ [[ω ∪⋃μ<ξ Kμ]<ω]. Thus,
q ∈ Pξ+1. By condition 6), there is σ ∈ J such that q-lim{Ψ ({σ +k}): k ∈ ω} /∈ Ψ [[c\ Tξ+1]<ω] ⊇ H , which is a contradiction.
Therefore, Hc is not countably compact. 
Example 5.5. Assume Martin’s Axiom. Then for each selective ultraﬁlter p and for each α  c, there exists a topological
group G such that Gβ is almost p-compact for β < α and Gα is not countably compact.
Proof. Under Martin’s Axiom, we have p = c and c<c = c. If α < c, it follows from Example 4.5. If α = c, it follows from
Example 5.5. 
Example 5.6. If there exists a selective ultraﬁlter, then there exists a topological group G such that Gω is countably compact
but Gω1 is not.
Proof. If CH does not hold, it follows from Example 4.6. If CH holds, then MA holds and it follows from Example 5.5. 
6. Final remarks
As pointed out by the referee, Comfort’s Question has been solved using Abelian groups of order 2 and not much is
known for other groups.
Question 6.1. Can we extend the results of this work to other torsion Abelian groups of cardinality c that admit a countably
compact group topology?
Question 6.2. Assume the existence of selective ultraﬁlters. Do the non-torsion Abelian groups that admit a countably
compact group topology admit an almost p-compact group topology?
Castro-Pereira and Tomita [4] showed that if there exists a selective ultraﬁlter p then every torsion Abelian group that
admits a countably compact group topology admits a p-compact group topology. Using some cardinal arithmetic and the
existence of a selective ultraﬁlter p, they showed that every torsion Abelian group that admits a countably compact group
topology also admits a p-compact group topology.
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also admits group topologies that answer Comfort’s Question for cardinals κ  c?
Is it consistent that a torsion Abelian group of cardinality 2c admits group topologies that answer Comfort’s Question for
every cardinal κ  2c?
The questions above are limited to torsion Abelian groups since Tkachenko [18] proved that the free Abelian group of
cardinality c admits a countably compact group topology under CH , Koszmider, Tomita and Watson [16] proved that there
exists a forcing model such that the free Abelian group of cardinality 2c admits a countably compact group topology and
Tomita [21] showed that the countable power of any group topology on a free Abelian group is not countably compact.
Boero and Tomita [3] showed that there exists a group topology on the free Abelian group of cardinality c that makes its
square countably compact from p= c. A natural and unsettled question:
Question 6.4. Assuming Martin’s Axiom (or the existence of selective ultraﬁlters), can we say that an Abelian group of
cardinality c that admits a countably compact group topology also admits another group topology for which its square is
countably compact?
Halmos showed that R admits a compact group topology. Tkachenko and Yaschenko [19] were the ﬁrst to show that R
admits, consistently, a countably compact group topology without non-trivial convergent sequences.
Question 6.5. Is there a torsion free Abelian group that does not admit a compact group topology but admits a group
topology whose countable power is countably compact?
Question 6.6. Is it consistent that the additive group R admits a group topology which is p-compact without non-trivial
convergent sequences?
Question 6.7. What are the cardinals κ  c, for which there is a group topology on R that answers Comfort’s Question in
the aﬃrmative?
Dikranjan and Shakhmatov [8] asked whether every inﬁnite Abelian group that admits a pseudocompact (countably com-
pact) group topology also admits another pseudocompact (countably compact) group topology with non-trivial convergent
sequences (Questions 14.17 and 14.16 in [8]).
Galindo, Garcia-Ferreira and Tomita [12] gave a positive answer (in ZFC) in the case of pseudocompact Abelian groups
and countably compact torsion Abelian groups. Recently, Boero, Garcia-Ferreira and Tomita [2] made the ﬁrst step in the
direction of countably compact non-torsion Abelian groups, showing that the free Abelian group of cardinality c admits a
countably compact group topology with a non-trivial convergent sequence assuming the existence of c selective ultraﬁlters.
Question 6.8. Suppose we are given an Abelian group of cardinality c ( 2c) that admits a countably compact group topol-
ogy. Does this group also admit a compatible group topology which in addition contains a non-trivial convergent sequence
under the existence of c selective ultraﬁlters (some countably closed forcing)?
The questions above are for small groups because only those have been classiﬁed under some set-theoretic condition.
The complete algebraic classiﬁcation of countably compact Abelian groups of size at most c (under Martin’s Axiom) is in
due to Dikranjan and Tkachenko [9] and the complete algebraic description of countably compact Abelian groups of size at
most 2c (in a forcing model of ZFC) is due to Dikranjan and Shakhmatov [8].
For larger groups a more pressing question would be:
Question 6.9. Which Abelian non-torsion groups of cardinality greater than 2c do admit a countably compact group topol-
ogy? In particular, is there a free Abelian group of cardinality strictly greater than 2c that admits a countably compact group
topology?
The ﬁrst part of Question 6.9 is an update of Problem 9.14(i) in [7]. Dikranjan and Shakhmatov asked for the character-
ization of the (Abelian) groups that admit a countably compact group topology. Besides the cardinality restriction, we add
non-torsion, because Castro Pereira and Tomita [4] characterized consistently all the torsion Abelian groups that admit a
countably compact group topology. The technique in [4] produces p-compact groups, thus, it does not work for free Abelian
groups, since free Abelian groups do not have inﬁnite power countably compact [21].
Szeptycki and Tomita [17] showed that in the Random model there is a countably compact group of order 2 without
non-trivial convergent sequences.
Question 6.10. In the Random model, is there an HFD group topology on the free Abelian group of cardinality c that makes
it countably compact? What about an HFD group topology on R in this model?
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